Part |

Baseball Pennant Race

Pennant Race

TUESOAY; SEPIEMBER:10, 1996

s §an3’rn||risro¢l;roni:1i S
Sports Onlirie
> hitp://www.sfgate.com

49ers, Young Get Big Bre

Quarterback m

By Gary Swan
Chronicte S writer
3 fect
The bye week has come at a pert
Bl time Lo the d00s and quicrbret Steve
o Young. If they had a game next Sunday,
there's a good chance Young would not

NL West Race

“Where we are, you're golng
Financing in place be eliminated sooner o g,
Pushed the Padres over the py For Glants’ Ngw, Stadium  po
With the smack of anogper . fnd offictally shoved the res; o5
awna) League West bat 500 gy o4 0
e Gl

onhisup.

In San Dicgo, Greg vaygh,y,

ker said quletly. “But |t doesn’t
SEE PAGE ], MAIN NEws alter the fact that we've sij] Bot to
lants' season into the bacy. TR o s play ball, Yoy
Sound. On the heels of thelr to. ~games lett; ¢
dious 8.2 Joss. bef

hey cannot wiy gg hard, the fans come out to watch
forean announced  games, Coming Off a miserable 5. youplay. You've got 1o play for the
Pk oL 10307 ot Candlosticy  sars pe peveecly road trp tha ¥ t
Park, the Glants fell 1915 8amesoff  saw thelr roqq record drop tg 27. where you are In the standings
tas the l¢ad, . the Glants were hopipa 1 get § 50
sauding the vistupg s;, "¢t 2 e worst the Padres off op e FIght foot In their jop, You'e 8ot o play the rofe of
o Sardinals an even bigger (8085) can tinish 15 go g The GI gest homestand of the year (15 spoller, to not make it easler on
In the NI, Centra] ants have fallen to 5943 wigh 9 games, 14 days) GIANTS; Page ps oy 5

Loul
lead

Pennant Race: Example

Example

Team Won | Left
New York | 92 2
Baltimore | 91
Toronto 91
Boston 89
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Another Example

Example

Team Won | Left
New York | 92 2
Baltimore | 91
Toronto 91
Boston 90
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Can Boston win the pennant?
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Refining the Example

Example
Team Won | Left | NY | Bal | Tor | Bos
New York | 92 2 — 1 1 0
Baltimore | 91 3 1 — 1 1
Toronto 91 3 1 1 — 1
Boston 90 2 0 1 1 —

Can Boston win the pennant? Suppose Boston does
1. Boston wins both its games to get 92 wins

2. New York must lose both games; now both Baltimore and
Toronto have at least 92

3. Winner of Baltimore-Toronto game has 93 wins!

Abstracting the Problem

Given
1. A set of teams S
2. For each x € S, the current number of wins w,

3. For any x,y € S, the number of remaining games g,,
between x and y

4. A team z

Can z win the pennant?

Towards a Reduction

Z can win the pennant if
1. Z wins at least m games
1.1 to maximize Z's chances we make Z win all its remaining
games and hence m = w; + ), s 8xz
2. no other team wins more than m games

2.1 for each x,y € S the gy, games between them have to
be assigned to either x or y.

2.2 each team x # Z can win at most m — wy — g,z
remaining games

Is there an assignment of remaining games to teams such that
no team x # Z wins more than m — w, games?

Flow Network: The basic gadget
1. s: source
2. t: sink
. X, y: two teams Vg

3

4. gyy: number of games
remaining between x o7
and y. AL

5. wy: number of points
x has.

6. m: maximum number Uy
of points x can win
before team of interest
is eliminated.




Flow Network: An Example

Can Boston win?

Team Won | Left
New York | 90 11
Baltimore | 88 6
Toronto 87 11

Boston | 79 | 12 |

1. m=79+ 12 =91:
Boston can get at
most 91 points.

Constructing Flow Network

Reduction
Construct the flow network G as

Notations follows

1. One vertex v, for each team
x € §', one vertex uy, for
each pair of teams x and y in

1. S: set of teams,

2. wy wins for each

team, and S’

3. 8xy games left 2. A new source vertex s and
between x and y. sink t

4. m be the ma-ximum 3. Edges (Uyy, V) and (tyy, vy)
number of wins for of capacity oo
Ev

4. Edges (s, uy,) of capacity
8xy

5. Edges (vx, t) of capacity
equal m — w;,

5. and 8’ = S\ {z}.

Correctness of reduction

Theorem

G’ has a maximum flow of value g* = 3", ,cs 8xy if and only
if Z can win the most number of games (including possibly tie
with other teams).

Proof of Correctness

Proof.

Existence of g* flow = Z can win pennant

1. An integral flow saturating edges out of s, ensures that
each remaining game between x and y is added to win
total of either x or y

2. Capacity on (v, t) edges ensures that no team wins
more than m games
Conversely, z can win pennant = flow of value g*

1. Scenario determines flow on edges; if x wins k of the
games against y, then flow on (uyy, vx) edge is k and on
(uyy, vy) edge is g8y — k O




Theorem

Theorem
Suppose that team z has been eliminated. Then there exists a
“proof” of this fact of the following form:

The team z can finish with at most m wins.

There is a set of teams S C S so that

wa'i‘ Z ng>m’5’

ses {x.y}CS
(And hence one of the teams in S must end with strictly more
than m wins.)

Certificate that z cannot win

If z cannot win, then maxflow has value less than g*.
By max-flow-min-cut theorem, there is a cut (S, T) of
capacity a < g*.

Let S be the set of teams x such that v, € S.

Helper claim

Claim
For any two teams x and y for which the vertex uy,, exists, we

have that u,, € S if and only if both x and y are in S.

Proof... ~

(x%SoryQS) = u, ¢S

If x is not in S then Vi isin T. But then, if uy, is in S the
edge (uy, — V) is in the cut. However, this edge has infinite
capacity, which implies that (S, T) is not a minimum cut.

Helper claim proof continued

Proof.

xegandyeg = u, €S

Assume x and y are in 3 then vy and vy arein §S. Ifu,, € T
then consider the new cut formed by moving u,, to S. For the
new cut (S’, T’) we have

(S, T)=¢c(5,T) —c((s = uy) ) -




Proof

There are two type of edges in the cut (S, T): (i) (vx — t),
for x € S, and (i) (s — uyy) where at least one of x or y is
not in S. As such, the capacity of the cut (S, T) is

c(S$;T)=> (m—w)+ > &gy

x€S {xy}¢S
=m‘§‘—2wx+ g — > gxy).
xe/S\ {x,y}g/S\

However, ¢(S, T) < g*, and it follows that

m‘g‘—ZWX— Z 8y <=0.

xeS {x.y}CS
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